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A quorum system is a collection of sets (quorums) every two of which have a nonempty intersection. Quorum systems have been used for a number of applications in the area of distributed systems.
In this paper we study the fault-tolerance properties of quorum systems, and their implications on quorum based distributed protocols. For this study we adopt the following common model. The processors (elements of the system) are assumed to fail independently with a uniform probability p. The global failure probability F p (S) of a quorum system S is the probability that no complete quorum is functioning. This probability is a good measure of the (non) availability of protocols based on S. In this paper, the properties of F p are examined.
It is shown that the most available quorum systems are the non-dominated coteries (NDC). Over the NDC's, the behavior of the failure probability F p depends on the exact value of p. It is shown that for any S 2 NDC, F p (S) is symmetric, i.e., F p (S) = 1 ? F 1?p (S). In particular, F 1=2 (S) = 1 2 for any S 2 NDC. The converse is also true, i.e., if F 1=2 (S) = 1 2 then S 2 NDC.
From this, a new proof for a known lower bound on the number of sets in an NDC is derived. Furthermore, for 0 < p < 1 2
, the most available NDC is shown to be the \democracy" (namely, the minimal majority system), while the \monarchy" (singleton system) is the least available. Due to symmetry, the picture reverses for 1 2 < p < 1. The asymptotic behavior of F p is also considered, when the number of processors tends to in nity. It is shown that some NDC constructions enjoy the property that F p ! 0 when p < 1 2 1 Introduction
Motivation
Distributed systems have proliferated during the last decade, and are fast becoming the typical computer systems in most organizations. One of the reasons that distributed systems are preferred over traditional single-site computer systems is the system behavior in the presence of failures. The autonomy of the di erent processors on the network means that a failure of some network components (processors or links) need not disable the entire system.
While the processors on a distributed system are indeed autonomous, some cooperation must exist between them. This raises the need for various control mechanisms. Two typical mechanisms developed for this purpose are mutual exclusion and replication control.
The need for mutual exclusion arises when there is some resource on the network (e.g., a printer) that may be allocated to a single processor at a time. A mutual exclusion protocol guarantees that no processor will access the resource while it is allocated to another.
A replication protocol is needed when data is stored redundantly at multiple locations on a distributed system. Such replication can enhance the availability of the data, its reliability, and the system performance. A replication control protocol ensures that if a data item is read and rewritten from di erent locations, the most up-to-date copy is accessed each time.
Both mutual exclusion and replication protocols may be modeled by combinatorial objects called set systems or hypergraphs. A set system is a collection of sets F = fS 1 ; : : : ; S m g over an underlying universe U = fu 1 ; : : : ; u n g. Identifying the processors with the elements of U, a template for a mutual exclusion protocol is the following: \a processor u may access the resource only after obtaining permission from all members of some set S 2 F". The mutual exclusion is enforced by requiring that F enjoys the intersection property, i.e., that every two sets S; R 2 F have a nonempty intersection. Set systems with the intersection property are known as quorum systems or intersecting hypergraphs, and the sets in such a system are called quorums. Similarly, a replication protocol can be based on a quorum system F. Writing a data item is done by sending timestamped copies of it to all the members of some S 2 F. Reading is done by retrieving the copies stored at all the members of some other R 2 F and picking the copy with the highest timestamp.
Let us illustrate the concept of quorum systems by giving three examples, the singleton system, the majority system and the wheel system. The singleton system, denoted by Sngl, is the set system Sngl = ffugg. If the universe size n = jUj is odd, then the majority system, denoted by Maj, is the collection of all sets of n+1 2 elements. If n is even, we pick an element u 2 U and de ne Maj to be the collection of all sets of size n 2 that do not include u. In other words, we ignore the element u and use the Maj coterie on the odd sized universe U n fug. The Wheel contains n ? 1 \spoke" quorums of the form f1;ig for i = 2; : : : ; n, and one \rim" quorum, f2;:::;ng. These examples play an important role in the results of this paper.
Related Work
Set systems have attracted attention as combinatorial objects since the 19'th century, but have matured into a broad eld of study in the 60's and 70's (cf. Bol86]). In particular, these studies Lov73, EL75] have provided a number of constructions of quorum systems, further developed and studied in Tuz85, MP92] .
The rst distributed control protocols using quorum systems Tho79, Gif79] use voting to de ne the quorums. Each processor has a number of votes, and a quorum is any set of processors with a combined number of votes exceeding half of the system's total number of votes. Alternative protocols based on quorum systems appear in Mae85] (using nite projective planes), AE89, AE91] (using a tree-based construction) and CAA90] (using a grid construction). A generalized voting scheme is proposed in AAC91].
The rst paper to explicitly consider mutual exclusion protocols in the context of intersecting set systems is GB85]. In this work the term coterie is introduced, for a quorum system in which no set includes another one. The concept of domination is also de ned: a coterie F dominates a coterie G if they are not equal, and for every quorum R 2 G there is an S 2 F such that S R. Several basic properties of dominated and non-dominated coteries and of the class of non-dominated coteries (denoted NDC) are proved.
For replication control protocols it is possible to separate the system into two collections, the read quorums and write quorums, such that all read quorums intersect all write quorums. This approach is explored in Her84]. In Fu90] the term bicoterie is introduced for this construction, with an analogous de nition of domination.
The fault-tolerance properties of quorum-based mutual exclusion protocols are introduced in BG86] and studied further in Coh93]. The fault tolerance of a quorum system is measured by the maximal number of processors that can fail before all the quorums are \hit", in the worst possible con guration of failures. A quorum is \hit" once at least one of its members has failed.
A connection between the optimal structure of a coterie and the topology of the underlying communication network is considered in PS91]. In this work a probabilistic model of processor failures is introduced. The quality of a coterie is measured by the expected number of processors that still have access to an active quorum, when a processor failure may partition the network. The analysis is performed on limited classes of topologies (namely trees, cycles, and combinations thereof, termed \cacti").
New Results
In this paper we consider the fault-tolerance properties of coteries, and of mutual exclusion protocols based on them. It is assumed that individual processors are subject to occasional failures, and the focus of this study is the question: \given a quorum system S, what is the probability of a system failure, i.e., of being left with no functioning quorum available ?". To give this question precise meaning, we make the simplest assumption regarding the failure probabilities of the system elements. Namely, we assume the common model in which each element fails independently of all other elements, with a uniform probability p. Under this assumption, we examine the properties of the failure probability, denoted by F p (S). Formally, let X denote the random set of failed elements in the universe U. Then F p (S) = P(8S 2 S; S \ X 6 = ?).
The signi cance of the failure probability F p (S) is twofold. First, F p (S) measures the (non) availability of a quorum-based distributed protocol (mutual exclusion or replication), which is more informative than previous approaches BG86, Coh93] . The computation of F p (S) for various quorum systems allows us to compare them in a precise, quanti ed way. Second, F p (S) itself has some non-trivial properties, that re ect much of the combinatorial structure of the quorum system S. These properties lead to some interesting extremal questions.
As will be shown in the sequel, it turns out that the property of non-domination has a strong e ect on the failure probability F p (S). We rst show that the NDC's are \the most available" quorum systems (namely, the ones with the smallest F p (S) value). This lends more formal support to the arguments brought forth in GB85] promoting the preference of NDC's over dominated coteries.
Over the NDC's, the behavior of the failure probability F p depends on the exact value of p. We show that for any S 2 NDC, F p (S) is symmetric, i.e., F p (S) = We then consider the quorum system constructions that have the extremal failure probabilities. We show that for 0 < p < 1 2 , the \most available" NDC (smallest F p (S)) is the \democracy" (the majority system Maj), while the \monarchy" (the singleton system Sngl) is the least available. By the above mentioned symmetry of F p , when 1 2 < p < 1 the situation is reversed. This means that if the elements are fail-prone, with an individual failure probability greater than 1 2 , the situation is uninteresting; the best strategy is just to pick a single centralized \king".
When the elements are not fail-prone, with 0 < p < 1 2
, then it is interesting to investigate other constructions. This is since the NDC with the best availability, the majority system Maj, has some undesirable properties (e.g., very large quorums). We analyze the availability of several constructions that appear in the literature. Our analysis emphasizes the asymptotic behavior of F p (S), as the construction scales up with the universe size n. A desirable property of a quorum system construction is that its failure probability is \Condorcet". By this we mean that for 0 < p < . Moreover, we show that the nite projective plane construction Mae85] and the grid construction CAA90, MP92] (both of which are dominated) have failure probabilities tending to 1 for all values 0 < p < 1, so these constructions have poor availability in all but very small systems.
A simple and popular method of NDC construction is that of weighted voting. When all the votes are equal, this gives the simple majority system. We show that if the ratio between the total weight and the maximal weight tends to in nity as n ! 1 then F p (S) is Condorcet. Alternatively, if the ratio between the sum of squared weights and the total weight squared tends to 0, then F p (S) is Condorcet.
From a practical point of view, we can see that F p (S) gives us a yardstick for comparing di erent quorum systems, and distributed protocols based upon them, which is especially meaningful when the number of processors is large. In particular, our analysis leads to the following conclusions, on the basis of availability considerations:
It is advantageous to use non-dominated coteries. It is preferable to avoid nite projective plane or grid systems. While the majority NDC has the highest availability, there are NDC's which have comparable availability but are not as costly.
When using voting, it is preferable to have a \ at" distribution of votes.
The organization of this paper is as follows. In Section 2 we present some basic de nitions, some known theorems we need, and a precise de nition of our model. In Section 3 we start the analysis of F p (S) of NDC's by proving the symmetry theorem and some of its consequences. In Section 4 we prove that the majority and singleton are the extremal NDC's in terms of F p (S) . In Section 5 we analyze several known constructions. In Section 6 we present the conditions for having a Condorcet failure probability in a voting system.
Preliminaries

De nitions and Notation
Let us rst de ne the basic terminology used later on.
De nition 2.1 A Set System S = fS 1 ; : : :; S m g is a collection of subsets S i U of a nite universe U.
De nition 2.2 A Quorum System is a set system S that has the Intersection property: S \ R 6 = ? for all S; R 2 S.
Alternatively, quorum systems are known as intersecting set systems or as intersecting hypergraphs. The sets of the system are called quorums (or edges, when using the hypergraph terminology).
De nition 2.3 A Coterie is a quorum system S that has the Minimality property: there are no S; R 2 S, S R. De nition 2.4 Let R;S be coteries (over the same universe U). R dominates S if R 6 = S and for each S 2 S there is R 2 R such that R S. Notation: For coteries R;S we denote \R dominates S" by R S. De nition 2.5 A coterie S is dominated if there exists a coterie R such that R S. If no such coterie exists then S is non-dominated (ND). Notation: Let NDC denote the class of all ND coteries.
Returning to our three examples of quorum systems, it is easy to see that Sngl 2 NDC and that Wheel 2 NDC. Also, our de nition of the majority system ensures that Maj 2 NDC for all n (note that when n is even, the everyday notion of taking sets of size n 2 + 1 gives a dominated coterie).
De nition 2.6 A set T is a transversal of a set system S if for every S 2 S, T \ S 6 = ?. De nition 2.7 A coloring of a hypergraph is an assignment of colors to the elements of the universe so that every edge has elements with at least two colors.
De nition 2.8 The chromatic number of a hypergraph is the smallest number of colors needed to color it. A hypergraph with a chromatic number of k is said to be k-colorable.
We use the following notation. The number of elements in the underlying universe is denoted by n = jUj. The number of sets (quorums) in the set system S is denoted by m(S). The cardinality of the smallest quorum in S is denoted by c(S) = minfjSj : S 2 Sg. Notation: Let U (i) = fX U : jXj = ig, the collection of sets of size i for 0 i n.
De nition 2.9 Let A S i denote the set of size-i transversals of S, i.e., the collection of sets of size i that hit all the quorums of S, for 0 i n,
: 8S 2 S; S \ X 6 = ?g:
Basic Theorems
The following theorems regarding coterie domination will be our basic tools throughout this work.
Theorem 2.10 GB85] A coterie is dominated i it is a 2-colorable hypergraph. Theorem 2.11 GB85] ND coteries are 3-colorable hypergraphs. Lemma 2.12 GB85] Let S 2 NDC and let T be a transversal of S. Then there exists a quorum S 2 S s.t. S T. Lemma 2.13 IK90] Let S be a coterie. Then S 2 NDC i for all X U, exactly one of X and U n X is a transversal of S. Lemma 2.14 Fu90] Let MT(S) denote the set of all minimal transversals of a coterie S. Then S 2 NDC i S = MT(S). Theorem 2.15 GB85] Let S;R be coteries. Then R S i there exists a quorum R 0 2 R such that R 0 is a transversal of S and R 0 6 S for every S 2 S. Lemma 2.16 Let S;R be coteries such that R S, and let X be a transversal of R. Then X is also a transversal of S.
Proof: Consider any transversal X of R, i.e., X hits every quorum R 2 R. According to De nition 2.4, for each S 2 S there is R 2 R such that R S. Hence X hits all S 2 S, so X is a transversal of S. Lemma 2.17 Let S 2 NDC be given. Then A S i is an intersecting hypergraph in U (i) for 0 i n.
Proof: Consider two sets X 1 ; X 2 2 A S i for some i. Then X 1 and X 2 are transversals of S, so from Lemma 2.12 there exist quorums S 1 ; S 2 2 S such that S 1 X 1 and S 2 X 2 . From the Intersection property of S we have that X 1 \X 2 6 = ?. Therefore A S i is an intersecting hypergraph in U ( where the supremum is over all sets t 1 < < t`(t i 2 I), where`is arbitrary but nite. If f 0 then de ne S ? (f) = ?1.
Let I be an nite ordered set of the real line, and let f be de ned on I. Let X be a closed interval. Let K(x; i) be de ned on X I. Consider the transformation g( 
The Probabilistic Failure Model
We use a simple probabilistic model of the failures in the system. We assume that the elements (processors) fail independently with a xed uniform probability p. We assume that the failures are transient. We assume also that the failures are crash failures, and that they are detectable. In other words, we do not consider \lying" processors (Byzantine failures), or asynchronous communication with unbounded message delay. The points of our probability space are called con gurations. A con guration is a set X U, where all the elements of X have failed and all other elements have not.
This model may be viewed as if whenever a quorum is required in some step of a distributed protocol, the con guration is determined by ipping n independent coins with equal probability p.
Notation: We use q = 1 ? p to denote the probability of an element survival.
In this failure model with probability p, the following events can be de ned.
De nition 2.23 (Quorum failure) For every quorum S 2 S let E S be the event that S is hit, i.e., at least one element x 2 S has failed (or, S \ X 6 = ?). Using this de nition, the failure probability of a quorum S 2 S is P(E S ) = 1 ? q jSj . De nition 2.24 (System failure) Let fail(S) be the event that all the quorums S 2 S were hit, i.e., fail(S) = T S2S E S . Note that the event fail(S) consists of precisely the transversal con gurations of S, i.e., fail(S) = fX 2 U : X is a transversal of Sg:
Now we can de ne the focus of this work, which is the global system failure probability of a quorum system S, as follows.
De nition 2.25
We obviously have: Fact 2.26 For any set system S, F 0 (S) = 0 and F 1 (S) = 1. Notation: A con guration X that hits all the quorums of a system, i.e., causes a system failure, is called a failure con guration.
Given a quorum system S, We nd it useful to count the failure con gurations according to their cardinalities using De nition 2.9, as follows.
De nition 2.27 Let a S i = jA S i j, the number of i-sized transversals of S. The vector a S = (a S 0 ; : : :; a S n ) is called the availability pro le of S.
Using the availability pro le we can write an explicit expression for the failure probability F p (S).
Lemma 2.28
a S i p i q n?i :
When we consider the asymptotic behavior of F p (S n ) for a sequence S n of NDC's over a universe with an increasing size n, we nd that for many constructions it is similar to the behavior described by the Condorcet Jury Theorem Con]. Therefore it is useful to have the following de nition. We start the analysis by proving a simple proposition that justi es our emphasis on non-dominated coteries. Loosely speaking, the following proposition states that NDC's are \better" (i.e., have higher availability) than dominated coteries. Proposition 3.1 Let S;R be coteries such that R S, and let 0 < p < 1. Then
Proof: Consider any failure con guration X of R. Then X is a transversal of R, so by Lemma 2.16, X is a transversal of S. Therefore fail(R) fail(S), and
Now to prove that the inequality is strict, we show a nonzero probability conguration that is in fail(S) but not in fail(R). Consider a quorum R 0 2 R such that R 0 is a transversal of S and R 0 is not a superset of any S 2 S. The existence of such an R 0 is guaranteed by Theorem 2.15. We claim that R 0 = U n R 0 is also a transversal of S. To see this, assume to the contrary that there exists a quorum S 2 S such that R 0 \ S = ?. Then S R 0 , contradiction to the properties of R 0 .
Therefore, the con guration R 0 hits all S 2 S since R 0 is a transversal, so it is in fail(S). However this con guration is not in fail(R) since R 0 does not hit R 0 . Since 0 < p < 1, both con gurations R 0 and R 0 have non-zero probability and the proposition follows.
The Symmetry of F p (S)
Our purpose in this section is to prove a symmetry theorem for the failure probability of ND coteries. We show that for any given S 2 NDC, the function and let X = U n X. We claim that X 2 B S i () X 2 A S n?i , thus there is a one-to-one correspondence between B S i and A S n?i , so b S i = a S n?i . It is clear that j Xj = n ? i. It therefore remains to prove that X is a transversal of S i X is not. This follows from Lemma 2.13, thus completing the proof.
The following is an easily deduced corollary of Lemma 3.2 when the universe U has an even size. This proof is based on the fact that the failure probability of a ND coterie can be viewed as the multi-linear extension (MLE) of a constant-sum game. Consequently, Theorem X.2.6 of Owe82, pp. 201{202] can be used to obtain the claim.
Conditions for Non-Domination
We now present two consequences of the symmetry theorem. The rst is a characterization of NDC's in terms of the failure probability F 1=2 . This characterization (Corollary 3.8) gives another method of proving coterie non-domination which is sometimes easier than a direct proof. The second consequence we obtain from the symmetry theorem is a lower bound on m(S), the number of quorums in a system S 2 NDC, in terms of c(S), the cardinality of the smallest quorum. Lemma 3.6 If S is a dominated coterie then F p (S) + F 1?p (S) > 1 for 0 < p < 1. Proof: Let R 2 NDC be such that R S (for any dominated coterie it is possible to nd such an R). Then using Proposition 3. ). We show, by a new proof, a bound that is better than the simple one yet inferior to Beck's result. For any S 2 S consider E S , the event that S is hit. Clearly E S is a monotone increasing property (i.e., if a con guration X hits S then any con guration X 0 X hits S). Therefore we can use the FKG inequality FKG71] to obtain Example: Proposition 3.9 can be used to prove that a nite projective plane of order 5 is a dominated coterie (see also Section 5.6). This is because a nite projective plane of order t has t 2 + t + 1 quorums of cardinality t + 1, in violation of the necessary condition in Proposition 3.9 for t 5.
4 Most and Least Available NDC's
Overview
In this section our main goal is to prove Theorem 4.5, stating that the ND coteries with the extreme failure probabilities are the \singleton" and the \majority". More precisely, we show that when 0 < p < 1 2 , the worst ND coterie (i.e., for which F p is highest) is the singleton, and the best ND coterie is the majority. When that models the election of the USA president. The proof has two conceptual stages. In Section 4.2 we prove some properties of the di erence between the availability pro les of an arbitrary NDC and an extremal one (e.g., Sngl), by combinatorial considerations. Then in Section 4.3 these properties are transferred to the di erence between the respective failure probabilities using the Variation Diminishing Property (VDP) of Totally Positive kernels Kar68]. In Section 4.4 we show the uniqueness of the extremal NDC's. That is, we show that if F p (S) = F p (Sngl) for any S 2 NDC then S is a Sngl coterie. Also, over an odd sized universe, we show that if F p (S) = F p (Maj) then S is Maj.
Finally in Section 4.5 we show that the \second worst" NDC is the Wheel coterie (see Section 5.1). Therefore, the Wheel is an extremal NDC when we require that each element u 2 U must participate in some quorum of the system, or alternatively, when it is forbidden that a single element participates in all the quorums.
The Availability Pro le of Sngl and Maj
In this section we present some properties of the availability pro le of the extremal coteries, the singleton and majority coteries. The following lemma paves the way for proving the extremality of Sngl and Maj.
Speci cally, we prove that the availability pro le of any S 2 NDC is \sandwiched" between the availability pro les of the Sngl and Maj coteries. It is this property that is the basis of Theorem 4.5.
Lemma 4.2 Let S be a given ND coterie over a universe U of size n. Then 
The Main Theorem
With the groundwork prepared, we can now proceed to prove our main result.
De nition 4.3 Let S 2 NDC be given. Then the di erence functions of S w.r.t. 
Uniqueness of the Extremal NDC's
In this section we show the uniqueness of the failure probability of the Sngl coterie, and of the Maj coterie over an odd sized universe (Proposition 4.11). For the proof of uniqueness of the availability pro le of the Maj coterie we need the following lemma, which shows that the number of minimal cardinality quorums is easily seen in the availability pro le.
Lemma 4.7 Let S 2 NDC, and r = minfi : a S i > 0g. Then . To see this, assume that n = 2t. One possible construction is the one we have used before; discard an element u from U and use the (unique) Maj over an odd sized universe. Another possibility is best de ned by voting; pick an element u, assign a vote of 2 to it, and assign a vote of 1 to all the other elements. The latter construction has quorums of size t (that contain u) and of size t + 1 (without u). It is easy to verify that both constructions have an availability pro le identical to a Maj . To show the uniqueness of the failure probabilities, we need the following lemma, which describes a general property of the di erence between two availability pro les.
Lemma 4.9 Let S;R 2 NDC be given over the same universe U. Let 
The Worst NDC Using the Entire Universe
In Theorem 4.5 we saw that the Sngl is the NDC with the worst availability (when 0 < p < 1 2 ). However, the Sngl coterie does not \scale up" in the true sense of the word when the universe size n increases, since all but one of the elements of U do not appear in any quorum. It is sometimes required, for load distribution purposes, that every element u 2 U must participate in some S 2 S. Call such coteries total coteries. We can ask which total ND coterie has the worst availability.
In this section we show that the Wheel NDC is the wanted extremal coterie (Proposition 4.14).
Remark: It is interesting to note that the requirement of using all the elements does not signi cantly improve the situation in terms of the worst possible availability. In particular, F p (Wheel) ?! n!1 p = F p (Sngl), for any 0 < p < 1. Proposition 4.14 Let S 2 NDC be such that every element u 2 U is in some S 2 S. Then for 0 < p < 
The Availability of Coterie Constructions
In this section we analyze several coterie constructions that have appeared in the literature. Before showing the details of the constructions, we rst present their properties concisely in Table 1 . For each coterie construction we list the number of quorums m(S), the minimal quorum cardinality c(S), the failure probability F p (S), and whether F p (S) is Remarks:
All the coteries are over a universe of size n. Most constructions require special universe sizes (e.g., n = 2 t ? 1 for some t); these details are omitted from the table.
We use "(p) to denote expressions depending solely on p. The . This characterizes F p completely for NDC systems, since by the symmetry Theorem 3.4 F p (S) = 1 ? F 1?p (S) for any S 2 NDC.
Instead of exact expressions, we present bounds on F p that emphasize its asymptotic behavior and explain why each construction is or is not Condorcet.
The rst six rows in the table represent non-dominated coteries and the last two rows represent dominated ones. Note that in both the latter cases, F p (S) ?! n!1 1 for any value 0 < p < 1, so these constructions have poor availability for all but very small systems.
The Sngl and Wheel Coteries
The Sngl system is the trivial singleton NDC, S = ffagg. This coterie corresponds to the centralized mutual exclusion protocol where a single processor controls the access to the critical section. It is also called the \monarchy" for obvious reasons.
The Wheel coterie is an \almost centralized" system. To calculate F p (Wheel) observe that in a failure con guration, either the hub and at least one other element fail, or the hub does not fail and all others do, therefore we have
The Triang Coterie
The Triang system was rst described Lov73, EL75] and after expansion we get
(1 ? p j ? q j ) :
In order to show that F p (Triang) is not Condorcet, we bound it from below. The system certainly fails if there is no row in which all the elements succeed, i.e.,
(1 ? q i ):
Consider the function h(x) = e ?kx for k > 1. This function crosses the function 1 ? x twice, at x = 0 and at x = t for some 0 < t < 1 that satis es k = , for any number of rows, thus F p (Triang) is not Condorcet.
The Tree Coterie
The Tree system was rst described and proved to be a coterie in AE89, AE91].
In IK90, NM92] it is shown that Tree 2 NDC. The elements are organized in a complete rooted binary tree (we assume that n = 2 h ?1 for some h > 0). For a node v let T(v) denote the tree rooted at v, and let T L (v) and T R (v) denote the left and right subtrees of v respectively. Then a quorum in the system is de ned recursively by the following procedure QE(T(v)) (Quorum Extract).
1. For a leaf v, QE(T(v)) is taken to be fvg.
2. Either take the root, and a quorum in the subtree of one of the root's children.
3. Or take the union of two quorums, one from the subtree of each child.
Formally,
For instance, on a binary tree with 7 elements labeled by 1; : : : ; 7 from root to leaves and from left to right in each level, the quorums are: f1;2;4g, f1;2;5g, f1;3;6g, f1;3;7g, f1;4;5g, f1;6;7g, f2;3;4;6g, f2;3;4;7g, f2;3;5;6g, f2;3;5;7g, f2;4;6;7g, f2;5;6;7g, f3;4;5;6g, f3;4;5;7g, f4;5;6;7g. ) h . Plugging h = log 2 (n + 1) we get that F p (Tree) n ?"(p) for some constant "(p) > 0 depending on p. Therefore, using the symmetry Theorem 3.4, we conclude that F p (Tree) is Condorcet.
The Nuc Coterie
The nucleus (Nuc) system appears rst in EL75], and a variation appears in Tuz85].
The system is built in two stages. First consider a nucleus universe U 1 of size 2r ?2 for some r > 1, and add to S all the subsets of U 1 of size r. Secondly, for each possible partition of U 1 into two disjoint sets T 0 j ; T 00 j with jT 0 j j = jT 00 j j = r ? 1, add a new element x j to the universe and add the sets T 0 j fx j g and T 00 j fx j g to S. It is easy to check directly that Nuc 2 NDC.
After both steps, the universe size is n = 2r ? 2 + The Nuc system has some interesting extremal properties EL75]. In particular, it serves as an extreme case for a coterie for which it is hard to balance the load among the processors HMP93]. , the failure probability is F p (Maj) P(at least n+1 2 failures) e ?"(p)n for some constant "(p) > 0, using the Cherno bound.
The FPP Coterie
The FPP coterie is based on nite projective planes, and appears rst in a mutual exclusion protocol in Mae85]. For a prime r let t = r k for some integer k. Then the nite projective plane of order t is a quorum system with m(FPP) = t 2 + t + 1 quorums, each of size c(FPP) = t+1. It has been shown in Fu90] that for all t 3, the FPP of order t is dominated. The only non-dominated FPP is of order 2, i.e., the 7 point Fano plane.
Let F p (t) denote F p (FPP) for a nite projective plane of order t. To bound F p (t) from below, we apply the same argument as in the proof of Proposition 3.9 and use the FKG inequality. We get Note that this holds for any p > 0. Therefore, the FPP coterie has poor availability in all but very small systems.
The Square Coterie
The 6 The Availability of Weighted Voting A simple and popular method to de ne and implement quorum systems is by weighted voting Gif79, GB85, BG86, AAC91, MP92]. In a voting system, each element is assigned a number of votes, and a quorum is any subset of elements with a weight exceeding half of the total weight. In this section we consider voting systems over a universe of size n for increasing n. We give two necessary conditions that ensure that the failure probability of such systems is Condorcet.
De nition 6.1 For each i 2 U let the integer w i 0 denote the weight of i. Let W = P i w i be the total weight. The full voting system de ned by the weights w i is Vote F = fS U : X i2S w i > W 2 g: As de ned above, Vote F is not a coterie since it does not satisfy the Minimality property. To amend this situation, we discard all the quorums that are supersets of other quorums.
De nition 6.2 Let the Voting Coterie de ned by the weights w i be Vote = fS 2 Vote F : 8u 2 S; S n fug 6 2 Vote F g: In GB85] it is shown that if the total weight W is odd then Vote 2 NDC. If W is even then either Vote is dominated, or there exists a di erent distribution of weights w 0 with an odd total that de nes the same (non dominated) Vote coterie. Therefore for simplicity we shall assume that W is odd. In this case, we can de ne Vote F (and its coterie Vote) by taking as a quorum any set S U such that . We want to bound the probability of this event using the Cherno -type bound for weighted sums, due to Raghavan and Spencer Rag88] . For this bound to be applicable, the weights need to be at most 1. Therefore we scale the weights by a factor of w max , de ninĝ w i = w i w max ; i = 1; : : : ; n:
Clearly 0 <ŵ i 1. LetẐ = P n i=1ŵ i X i = Z wmax andŴ = W wmax . Then . The system does not satisfy either of the conditions for being Condorcet (and in fact F p (Vote) is not Condorcet in this case). But when we check the values guaranteed by the propositions, calculations show that Proposition 6.3 gives nothing of value; the bound is greater than p for any 0 < p < 1 2 , so we gain no information over the bound of Theorem 4.5. On the other hand, the bound of Proposition 6.4 gives useful values (i.e., smaller than p) for p up to approximately 0:2.
